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Introduction and motivations

Introduction and motivations

The earth contains inhomogeneities at all scales.

o
Scale separation

Observations indicate that waves of a given wavelength are sensitive to
inhomogeneities of scales much smaller than this wavelength only in an
effective way. This is one of the reasons why seismic waves can be used
to image the earth.
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Introduction and motivations

Introduction and motivations

Inverse problem, full waveform inversion (FWI)

@ FWI can only be performed in a limited frequency band.

@ The best that can be recovered is what is “seen” by the wavefield. It
is an effective version (p*, c*) of the real earth (p,c).

@ in that case, we know (at best) (p*,c*), but we wish to access to
(pc).

Forward modeling, full waveform modeling

o full waveform modeling can only be performed in a limited frequency
band.

@ In many cases the elastic model (p, c) we which to propagate in
contains details much smaller than the minimum wavelength. The
effective model (p*, c*) would be enough to propagate the wavefield.

@ In that case, we know (p, c), but we would like to have (p*, c*).
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Introduction and motivations

Small scales are an issue for the direct problem : e.g. SEM

Two simple but problematic SEM meshes : J
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Introduction and motivations

Introduction and motivations

In both cases (Full waveform modeling and inversion) knowing the
relation between (p,c) and (p*,c*) would be very useful, and we know
since the work of Backus (1962) that the effective medium is not just a
low pass filtered version of the original medium.

Backus (1962) shown that, form a finely layered media (1-D media), described
by the A, C, F, L, N elastic parameters for Tl media, the effective parameters
A* . C*,F*,L* N* can be computed as :

. F*Z F2

S*:<%> A= = (A )
11 5
= .k
N*™ = (N)

For higher dimension (2-D, 3-D), the effect of small scales has been
studied for long in mechanics with the two scale homogenization of
periodic media (e.g. Auriault & Sanchez-Palencia (1977),
Sanchez-Palencia (1980) ...) .
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Homogenization 1-D

A simple periodic case : wave in a 1-D bar

Assumptions :
® )\, : minimum wavelength
o E elastic modulus and p density [ Saininii s Wi
¢ periodic
¢
=5 <<1 o 7
1lj i
Wave equation for the set of Ftlgz I
problems (parametrized by ¢) : g ol If
P 0ut — 0x0° = f* g Zj 1
0° = ESOu° S Ty vy
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Homogenization 1-D

Classical two scale expansion

© 00

Introduction of the fast variable y = %
Introduction of p(y) = p°(ey) and E(y) = E¢(ey)
As ¢ — 0 y and x are treated as independent variables implying

o) e} 19
Bx_>8x+st9y

Solutions thought as
X
—, t
=2 iy =201)
i>0
Z elol( t)
i>—1

Series of equation to be solved for each i :

pattui + 3Xcri —+ 3yai+1 = fi
o = E(0u' +0,u™)
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Homogenization 1-D
omoge on 2-D

Classical two scale expansion : resolution

Cell average :

Am
() = 5= [ hey)dy

v

Solving the asymptotic equations one by one gives

Qo 1=0 =0, o= ("

0 ul(x,y) = X (¥)0xu’(x) + (u*)(x)
x*(y) periodic with (x!) = 0 solution of cell problem

9y [E(1+0yx")] =0
© u° and 0P of the order 0 effective wave equation

(p)0st® — 0,0° = O o® = E*9,.u°

with E* = (E(1 + 9y x1))
Q analytical solution of the cell problem gives : E* = (£)~!
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Homogenization 1-D

Classical two scale expansion : summary

We have found that :
ue = () +e¢ (<u1> + X13x<u0>) b
o° = (0% + ¢ ((o") + x50(0®)) + ...

x! is the first order periodic corrector with (x!) = 0 solution of cell
problem

0 [E(1+dyx")] =0

u= (0 +e(ut), o = (0°) + e(o!) are solution of the effective equation
(here at the order 1) :

(p)Opu — Oyo = f, o= E*O.u

with E* = (E(1 + 8,x1)) is the effective elastic parameter.
The final solution can be obtained with

u® = u(l+ex'oy) + 0(?)
€ =e(1+09,x") + 0(e)
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Homogenization 1-D

Classical two scale expansion : summary

Note that,

@ in this simple 1D case, there is an analytical solution to the cell
problem leading to 1/E* = (1/E). There is not such an analytical
solution for higher dimensions.

@ at the order 0 the solutions do not depend on the microscopic scale.
This is still true for higher dimension for u° but not for ¢°;

@ order > 0 : the boundary condition changes (e.g. Neumann
condition becomes DtN) ;

@ order > 1 : the effective equation changes (it is not a classical wave
equation anymore) ;
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Homogenization 1-D

An example

1 3T T T T T 0.02 T T T
- reference b
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“E average’ means computed with E* = (E)
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Homogenization 1-D

Non-periodic case

What can be done in the non periodic case ?
E (x)
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Homogenization 1-D

Non-periodic case

What can be done in the non periodic case ?

E(x)

E(x)
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Homogenization 1-D

Non-periodic case

What can be done in the non periodic case ?

E(x)
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Homogenization 1-D

Non-periodic case : an intuitive solution

A different spatial filter :F<0(h)(x) = [ h(x")w.o(x — x")dx’

An example of wavelet w,, :

1 I 1 1 I
-2 0 2 OO 1

X (m) k (1/m)
Intuitive order O solution, using :

_ Acutoff
1

£ () =F= (é) (x) Amin
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Homogenization 1-D

Testing this intuitive idea

illot , J.J. Marigo QUEST first workshop, 22/09/2010



Homogenization 1-D

From the intuitive solution to something more general

@ Replacing < . > by F¢°( . ) in the formulas obtained in the
periodic case doesn't give the proper results

@ a good solution is to build E(x, y) such

%(X,y) = Feo <é> (x) + (é — F* (é)) (v)

Doing so, we can show that

1 1 1
Eeor <Eso> = (E)

e Knowing E=°(x, y), we can follow the same process as for the
periodic case

Y. Capdeville , L. Guillot , J.J. Marigo QUEST first workshop, 22/09/2010



Homogenization 1-D

An non-periodic example

- — order O residua b

c
B ’ 0002 — ep;0.0gZS x4
0. — order 1 residual ] — 25;8;5‘74

— partial order 2 residua -

pWARA A\

o

-0.00L i ‘
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x (m) x (m)

“E average means computed with E* = 750 (E)
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omogen n 1-D
Homogenization 2-D

From 1D to 2D/3D 7

2D PSV case as an example

CO(X) = {Cgkl(x)}a (ia.j7 k7 /) € {172} ]
pu—V.o=fF
oc=c’: Vu Cf}k: = ﬁk/ = c,%k = CI?Iij .

u="(u, )

2D /3D non-periodic homogenization

For 2D and 3D, the homogenization follows a similar procedure to the 1D
case. This 2D/3D process is well known for the periodic case.
Nevertheless, the extension to non-periodic media is more difficult than
for the 1D case.

Difficulty : There is no analytical solutions for c* and therefore there is
obvious way to construct c(x,y) in the non periodic case.

Y. Capdeville , L. Guillot , J.J. Marigo QUEST first workshop, 22/09/2010



Homogenization 2-D

A 2-D random example

0km 10km 20 km 30 km 40 km
L 40 km

30 km [~ 30 km

The inner square is a
300x300 homogeneous
squares cells (100x100 2w
m?2). In each cell, the
density, A and pu are
determine randomly with
contrast up to 50%.

I 20 km

10 km 10 km

T
0km 10 km 20 km 30 km 40 km

20 25 30 35 40 45 50

Vs (km/s)
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Homogenization 2-D

A 2-D random example

The source is an explosion (1.5Hz of central frequency, 3.6Hz.
Amin = 0.8km.)

t=0.8s
0km 10 km 20km 30 km 40 km
40 kim . . . 40 km
30 ki L 30 km

20km - & - L 20km

10km 10km

0km . . . 0km
0 km 10 km 20 km 30 km 40 km
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Homogenization 2-D

A 2-D random example : source at the center of the square

x1 xomponent
= I =
051~ — reference
B \ ,\ 7 elastic tensor average
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-05 —
A+ ‘ —
X2 component
06F I —
04— — i i i
02— —
oF— j\ j\ JJ\ \'\/\/\u’\ ‘/W J’\\/’\ /\/’\V—\/‘V"v\/\/\ wil
-02— —
o0al__1 \ _
5 10 15
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Homogenization 2-D

A 2-D random example

'J."q"‘-" .Jfo‘u". " c “" -?0‘ %‘.'ik*.‘_

T }.y < -

“ "‘?‘.’{.,;Q,"& ,g‘ —«-\., r’; ?”“:(
s S Y . 1\,\ el
5:,.:",‘.‘«,'\'}-/4. S MOrL) T «

7 — 10 kn

2000

T

. . I | .
5000 6000 7000 8000 9000 10000
X (m)

Y. Capdeville , L. Guillot , J.J. Marigo QUEST first workshop, 22/09/2010



Homogenization 2-D

A 2-D random example

order 0 homogenization

velocity average

Normalized amplitude
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Homogenization 2-D

A 2-D random example : source at the center of the square

x1 xomponent

- T | T =
0.5 —
— reference
F 71— homogenized
0
-0.5— —
_1 1 | 1
X2 component
0.6 T T T =)

me
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Homogenization 2-D

A 2-D random example : source at the center of the square

The homogenization theory at the order 0 allows to correct the moment
tensor for interaction with inhomogeneities within the near-field of the

source :
M* = G(Xo) M

125 0 —0.05 —=0.17
0 1.25 —0.17 +0.05

+

For our example :

(o)
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Homogenization 2-D

A 2-D random example : source at the center of the square

x1 xomponent
= I =
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Homogeni:

Maroumsi2 example

0.0km 2.5km 5.0 km 7.5km 10.0 km 12.5km 15.0 km
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Homogenization 2-

Marmousi2 example

Reference solution :  mn B

-1 week computation
on 64 CPU.

-Source : explosion
-central frequency :
6Hz (15Hz corner)

-2000 m

-3000 m +

T T
7000 m 8000 m 9000 m

K <II>I> 1] [=]pte] +]
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Homogenization 2-D

Marmousi2 example

Order 0 homogenized model (5 varies from 3 at the top of the model to 0.25 at the bonom)

0.0 km 2.5km 5.0 km 7.5 km 10.0 km 12.5 km 15.0 km
0.0 km

-0.5 km
-1.0km
-1.5km
-2.0 km

-2.5km

-3.0 km

-3.5 km

05 10 15 20 25 30
Vs (km/s)
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Homogenization 2-D

Marmousi2 example

Order 0 homogenized model

0 km

2.5km
0.0 km :

5 km
L

7.5km 10 km 12.5 km 15 km
! I I L

-0.5 km o

-1.0 km

-1.5km o
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-3.5km -
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Homogenization 2-D

Marmousi2 example

traces residuals
x2 (vertical) component x2 (vertical component)
T | T | T T i | T ‘ T
0.5k / 4 oosi- _
N AN A o—J\ M\ '\\x,c
o [ MWW YAV Y
\ j VV L 4
L \ i
" 0,05 -
05 V — L |
1 | 1 | 1 ) | 1 \ 1
x1 (horizontal) component x1 (horizontal) component
1 T T T T 0.4 T T T I T
B 1 02 —
— O, [ ]
0 [\ /\\/ /\/\/ \\/\N\/\% 0 -’\/‘ Vava UNANANANARAN
02+ _
) | ; | ; . | . \ ;
1.5 2 2.5 3 15 2 2:5 3
time (s) time (s)
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conclusion

Conclusions and perspectives

@ we have shown a homogenization process for the wave equation in
the non-periodic case

e this process can be extended form 1-D to 2-D/3-D

@ many issues remain to be solved like boundary conditions in
non-periodic 2-D/3-D cases (1-D case have been solved)

@ This should be useful for both forward and inverse problems

Capdeville, Y. Guillot, L. and J. J. Marigo (2010) 2-D non periodic
homogenization to upscale elastic media for P-SV waves. Geophys. J. Int., 182,
903-922

Guillot, L., Capdeville, Y. and J. J. Marigo (2010) 2-D non periodic
homogenization for the SH wave equation Geophys. J. Int., 182, 1438-1454

Capdeville, Y. Guillot, L. and J. J. Marigo (2010) 1-D non periodic
homogenization for the 1wave equation Geophys. J. Int., 181, 897-910

Y. Capdeville , L. Guillot , J.J. Marigo QUEST first workshop, 22/09/2010



Simple test cases

Simple examples. Case A

Top :
Vp=2.4km/s
Vs=1.2km/s
p=1500kg/m?®
soom 1

2000m

1000m

Bottom :
Vp=5.6km/s
Vs=2.8km/s
p=2800kg/m?

fmax =12.5Hz
)\min =100m
=05

L gl g8 B BB B B0 ol H D & |

Y. Capdeville , L. Guillot , J.J. Marigo

Om  1000m 2000m 3000m 4000m 5000m 6000m 7000m 800OM 9000 10000m 11000m 12000m 13000m 14000 m 15000 m
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Simple test cases

Energy snapshot at t=2.6s

12 13 14 15
3 ¢ & o
27 28 29 %
42 43 4 45
i ¢ ¢ ¢
.0 km —~ '0 km
0km 10 km
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Simple test cases

Small offset trace (receiver 5)

receiver 5, comp z
le-12 ] T T T T T T I T

| — ref
{‘ —— order 0
\\ | slowness

0 m M ,,AW\‘ ” /*)’\k /\j\fq/\/\j\ j / _J\ \! v~=-—-«)‘\ J'\ \~rd

e-12 L | . | : | . | .

Y. Capdeville , L. Guillot , J.J. Marigo QUEST first workshop, 22/09/2010




Simple test cases

Large offset trace (receiver 12)

receiver 12, comp z
T | T I T

4e-13 — — ref —
—— order 0
slowness
2e-13 — | [ p —

5 ﬁJ\/»«\/\/\/ A | v\ | f/{\[\/ V

-2e-13— —

de-13 | I | ! | I
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Simple test cases

trace with first order corrector effect (receiver 50)

receiver 50, comp z

C . T T | T | T | T ‘|
5' — ref
le-12 = I‘ ! — order 0
\ | order 0 + first corrector
L . ! 5 ---- slowness
n noA
A al o,
0 _\/1 i p _—___{ﬁi“\f % i \",\ Nﬁkzr___wxrwjj\r_.\wv\,«w‘——m
| Hie-12 - i
R ﬁ ,'
i !
le-121- | o
u /q |
0= \
-2e-12
| 1
. | . I I /1 L | .
-3e-12 e+
Hel2y 2 3 4 5 6

Y. Capdeville , L. Guillot , J.J. Marigo

QUEST first workshop, 22/09/2010



Simple test cases

Simple examples. Case B

Top : Bottom :
Vp=2.4km/s Vp=5.6km/s
Vs=1.2km/s Vs=2.8km/s
p=1500kg/m?® p=2800kg/m?

fmax =12.5Hz
)\min =100m
=05

4000m
2000 m 000 m
- 2000m

2000m

1000m 1000m

om

Om  1000m 2000m 3000m 4000m 5000m 6000m 7000m 800OM 9000 10000m 11000m 12000m 13000m 14000 m 15000 m
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Simple test cases

Small offset trace (receiver 5)

receiver 5, comp z

| - e
| |
I -
UL i

QUEST first workshop, 22/09/2010
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Simple test cases

Large offset trace (receiver 12)

receiver 12, comp z

6e-13 T T T T T
F — ref 1

—— order 0
de-13 slowness ]

2e-13— | —

i
LGl

-2e-13

de-13 | I | ! | I
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Simple test cases

Large offset, transmission, trace (receiver 42)

receiver 44, comp z

3e-13 T T T T T T
i — ref b
—— order 0
2e-13 1= slowness N
le-13 n |

=]

_TN/\/&V/\ foﬁ\Jk\J/\

-le-13

2e-13| | .

3e-13 I | I | 1 | 1
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Shallow layer effective behavior

A limited aspect of this general problem : thin shallow layers

An homogeneous sphere with a thin slow layer on the top
Mesh 1 (no shallow layer)

Vs=6km/s

{p=skmis Mesh 2 (with. shallow layer)
p=3000kg/m3 Source corner period : 100 s

Just because of the stability condition, propagating in mesh 2 is 30 times
more computing intensive than in mesh 1.

This is a generic case of crustal models (e.g. 3SMAC, CRUST2.0)
implementation in SEM at the global scale. J

Y. Capdeville , L. Guillot , J.J. Marigo QUEST first workshop, 22/09/2010



Shallow layer effective behavior

Two classical solutions

Solution 1 : Ignoring the shallow layer J

Black line : reference solution ; red line : approximate solution

Z component

T component

T T T T T T T T T T T T T T T 1
0 1000 2000 3000 4000 5000 6000 7000 8000

an
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Shallow layer effective behavior

Two classical solutions

Solution 2 : the discontinuity is not honored by the mesh J

Black line : reference solution ; red line : approximate solution

Z component

T component

T T T T T T T T T T T T T T T 1
0 1000 2000 3000 4000 5000 6000 7000 8000

an
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Shallow layer effective behavior

A third solution :

H

Amin

Assumption : ¢ = <<1

expansion in the shallow layer :
ui(y) =) _c'ul(y)
oi(y) =) coi(y)

pig — V.ot =f

o2 =c:e(uf)

c(y) = c*(x/e)

Boundary condition : free surface

he solutions m match in region wh

Y. Capdeville , L. Guillot , J.J. Marigo

matching asymptotic expansions

New variable : y = %

expansion in the volume :
u®(x) = Zaiui(x)
i
o°(x) = Z g'a’(x)
i

P’ —V.of=f
o =c’:¢e(u’)
c®(x) is “smooth”

Boundary condition :
the center of the earth

regularity at

ere_both solutions are valid
QUEST first workshop, 22/09/2010



Shallow layer effective behavior

@ introducing the expansion in the waves equation

o using 2 — %8%

o identifying terms in &'

a series of equations is obtained that can be solved one by one ]

@ order 0 : regular wave equation with free boundary condition in the
“smooth” model (c°)

@ order i (i > 0) : regular wave equation in the “smooth” model (c®)
but with a special DtN boundary condition.
At the order 2, on the surface :

t=c{ XJu—X}; Vi(Vi-u1)+ Xy Vi x Vi xuy }
+€2 { X321 (V%(Vl . Ul) z—Viu, ) —‘ng ((Vl . U])i = Vlﬁz) }

€

with (eg) X, =— [ (p(y) —p°(a)) dy

Y. Capdeville , L. Guillot , J.J. Marigo QUEST first workshop, 22/09/2010



Shallow layer effective behavior

Order 0 matching asymptotic result

Same as “ignoring the shallow layer" solution

Black line : reference solution ; red line : approximate solution
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Shallow layer effective behavior

Order two matching asymptotic results

Black line : reference solution ; red line : order 1 or 2 solution
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Sim test cases
Shallow layer effective behavior

Conclusions on matching asymptotic expansions for shallow

layers

It gives a macroscopic view of small scale just bellow the surface. It is
useful for

o forward modeling technique (e.g accurate crust model
implementation) ;

@ seismic imaging technique (e.g. can solve the global scale crustal
correction issues).

@ the frequency band of accuracy is fixed by the thickness of the
shallow layer ;

@ the DtN can lead to instabilities (but this can be worked out) ;

o it doesn't solve the problem of deep small scales.

To move to a more general case, we need two scale homogenization

Y. Capdeville , L. Guillot , J.J. Marigo QUEST first workshop, 22/09/2010
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